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Modelling the viscoelasticity and thermal fluctuations of fluids at the nanoscale

Nikolaos K. Voulgarakis†, Siddarth Satish† and Jhih-Wei Chu*

Department of Chemical Engineering, University of California, Berkeley, CA, USA

(Received 8 February 2010; final version received 9 April 2010)

Simulation methodologies for modelling the viscoelasticity and thermal fluctuations of molecular fluids at nanoscale are
presented. In particular, we bridge the distinct frameworks of fluctuating hydrodynamics (FHD) and molecular dynamics
(MD) simulations using a coarse-graining procedure that properly considers the effective size of each fluid molecule in
mapping a phase space vector of the all-atom model to field variables in the FHD representation. We also generalise the FHD
equations to model non-Markovian rheological responses by incorporating coloured noise. To capture the increasing elastic
responses that emerge at the nanoscale, a composite Newtonian–Maxwell rheological model is developed. Numerical
simulations using a staggered discretisation scheme demonstrate that the thermodynamic states and dynamic properties
(power spectra) of FHD equations match with those of all-atom MD simulations quantitatively. This agreement also
unambiguously determines the wavenumber-dependent transport coefficients of the composite Newtonian–Maxwell model.
To avoid the complexities associated with using wavenumber-dependent transport coefficients, we characterise the
approximation of using a single set of transport coefficients. We find that for collective fluctuations with a wavelength longer
than 25 Å, wavenumber-independent models can accurately describe the power spectra. For fluctuations with shorter
wavelengths, relative errors in power spectra increase monotonically with wavenumber.

Keywords: fluctuating hydrodynamics; viscoelasticity; nanoscale; coarse grain; molecular dynamics

1. Introduction

Hydrodynamic interactions and thermal fluctuations are

the essential driving forces of dynamic processes at the

nanoscale. Characterising the rheological properties of

fluids in the presence of density and momentum

fluctuations is thus relevant to a wide range of topics,

including intra- and inter-cellular fluid dynamics and

nano-fluidics [1–5]. While atomic scale simulations

provide an accurate representation of molecular dynamics

(MD), the limited time- and length-scales prevent an

effective modelling of the collective hydrodynamic

interactions between nanosized objects [6,7]. Accurate

and robust computational methods for describing hydro-

dynamic interactions in the mesoscopic regime are thus in

urgent need. For this purpose, the equations of fluctuating

hydrodynamics (FHD) proposed by Landau and Lifshitz

[8] provide a fundamental framework based on which

many simulation methods such as smooth particle

hydrodynamics [9], Lattice Boltzmann [10], and dis-

sipative particle dynamics [11,12], are developed.

A strategy that is often employed is to transform the

field representation of governing equations into a

Lagrangian form by defining effective particles and

determining the interactions between them [9,11,12]. One

motivation for transforming the FHD equations into a

particle-based representation is to build in the flexibility of

modelling complex geometries and multiphase flows.

However, particle-based representations only approxi-

mately satisfy the FHD equations. Density fluctuations are

also not fully captured since the exchange of mass between

effective fluid particles is not considered. These

discrepancies to FHD equations often make the interpret-

ation of simulation results difficult.

On the other hand, directly solving the FHD equations

on numerical grids [13–18] also encounters difficulties

such as numerical instability when using small grid sizes

(,1 nm), the need for modelling density fluctuations

instead of assuming incompressibility, the requirement

of describing thermodynamic states by balancing dis-

sipative and fluctuating forces with high accuracy and

achieving consistency between FHD and MD simulations.

An increasing amount of effort is thus being devoted to

develop accurate and stable numerical solvers for FHD

equations [13–18]. In this regard, we have recently

developed a staggered discretisation scheme [18] that uses

distinct grid points to represent density and momentum

variables separately. The staggered scheme significantly

enhances the accuracy of numerical solutions compared to

non-staggered schemes [17], especially when small cell

sizes and large density fluctuations are involved [18].
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For modelling transient flows, the staggered discretisation

scheme can capture the causative relationship between

field variables and hence prevent the occurrence of

unphysical relaxation processes [18].

In establishing consistency between all-atom MD and

FHD simulations, we developed a mapping from the

position and velocity vectors of atoms in a molecular

model to hydrodynamic field variables by utilising the

Irving and Kirkwood [19] procedure and demonstrated

that the thermodynamic states of FHD and MD models as

measured by the fluctuations of field variables can be

matched quantitatively [18]. A key element of this

mapping is the effective size of molecules, dmol, used to

calculate the fractional contributions of each molecule to

the density of a grid cell. We show that the values of dmol

can be determined via the excluded molecular radii as

observed in the radial distribution functions of molecular

fluids [18].

Another important aspect of hydrodynamics at the

nanoscale is the complex stress responses due to a

combination of dynamic processes that occur at different

length scales and timescales. For example, non-Markovian

responses such as elasticity can emerge at small length

scales [20–23]. To address these issues, we generalised

the FHD framework to include viscoelastic constitutive

equations [24]. In particular, we developed a rheological

model by attaching a linear Maxwell model [25] in parallel

to the macroscopic constitutive equation of a Newtonian

fluid to characterise the viscous and elastic behaviours that

emerge at the nanoscale. We used the approach of

generalised Langevin equation to model the time evolution

with coloured noise [24]. This model is validated by

matching the power spectra obtained from all-atom MD

simulations with the results of Normal Mode Analysis on

linearised FHD equations [24]. The results indicate that

the composite rheological model provides an accurate

representation of the wavenumber (q)-dependent transport

coefficients of molecular fluids at the nanoscale [24].

Despite the success of generalising FHD equations to

model viscoelasticity, an important question that we aim to

address in this work is whether the q-independent transport

coefficients can be modelled with a single set of

representative parameters instead of keeping track of

the whole spectra. This approach would greatly reduce the

complexity of modelling the viscoelasticity of fluids at the

nanoscale.

In the following, we first briefly review the theoretical

and numerical framework that we developed for solving

the FHD equations. We then perform a least-squares fit

using a single set of transport coefficients of the composite

viscoelastic model to the full power spectra calculated

from all-atom MD simulations of liquid argon and water.

Our results indicate that using a single set of transport

coefficients describe well the hydrodynamic responses

with a wavelength longer than 25 Å.

2. Methods

2.1 The equations of FHD and a composite
Newtonian–Maxwell model

We generalise the FHD equations of Landau and Lifshitz

[8] to describe the conservation of mass and momentum of

a compressible fluid in the presence of thermally induced

fluctuations:

›r

›t
¼2 ›aga

›ra

›t
¼2

1

t
ra þ

1

r
ga

›ga

›t
¼2 ›bP2 ›bðgbua þ T ab þ T

ab
el þ ~Tab þ ~T

ab

el Þ:

ð1Þ

In Equation (1), a vector field ra is introduced to calculate

the effective displacements from momentum fields with a

phenomenological relaxation time, t, to model the elastic

responses of a fluid at the nanoscale. Other variables in

Equation (1) are defined as follows: r is mass density, ga is

the momentum field along one of the three Cartesian

directions, i.e. a, b ¼ x, y or z and Einstein’s notation is

employed and ua ¼ ga=r is the velocity field. Hydrostatic

pressure is calculated from the density field through the

following equation of state, although any other equation of

state can be employed,

P ¼ c2
Tr; ð2Þ

where cT is the isothermal sound velocity. For a

macroscopically Newtonian fluid, the ab component of

the stress tensor, T ab, is:

T ab ¼ 2h ›aub þ ›bua 2
2

3
›gugdab

� �

2 hB›gugdab; ð3Þ

where h and hB represent the shear and bulk viscosity,

respectively, and dab is the Kronecker delta.

The vector field ra in Equation (1) represents the

effective displacements with the following expression:

raðtÞ ¼

ðt
0

Kðt2 t0Þgaðt
0Þ dt0: ð4Þ

In Equation (4), KðtÞ ¼ e2t=t=r is the memory kernel for

calculating ra from momentum fields. The values of ra are

then used to compute the elastic strain tensor, T
ab
el . The ab

component of T
ab
el is described via a linear model:

T
ab
el ¼ 2k ›arb þ ›bra 2

2

3
›grgdab

� �

2 kB›grgdab; ð5Þ
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where k and kB are shear and bulk elastic modulus,

respectively. The equations of ra and T
ab
el correspond to the

commonly used Maxwell model [25] for describing the

rheological behaviours of viscoelastic fluids. The total

stress in Equation (1) is the sum of two terms, T ab and

T
ab
el , where T ab comes from a reference macroscopic

model (for which we assume that the fluid is Newtonian).

The addition of T
ab
el in parallel to T ab aims to capture the

emergent elastic responses at the nanoscale. This treatment

results in a composite Newtonian–Maxwell model and its

power spectrum will be compared with those calculated

from all-atom MD simulations for validation.

2.2 Numerical solutions of the FHD equations

At the nanoscale, thermal fluctuations are important

driving forces for transport processes [1–5]; a fluctuating

component of the stress tensor is thus added to the

momentum equations [8,17,18,24]. Fluctuating stresses of

the rheological model described in Equation (1) are

represented as ~Tab and ~T
ab

el ; their dissipative counterparts

are T ab and T
ab
el , respectively. Analogous to T ab

(Equation (3)), ~Tab also includes contributions from

shear ð ~T
ab

S Þ and bulk ð ~TBÞ parts, i.e. ~Tab ¼ ~T
ab

S þ ~TBdab.

The shear and bulk components of the fluctuating stress

tensor, ~T
ab

S and ~TB, can be evaluated through the

fluctuation–dissipation theorem [17]:

~T
ab

S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4hkBT

dtV

r
�Wab; ~TB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hBkBT

3dtV

r
Tr½W�; ð6Þ

where kB is the Boltzmann constant, T is the temperature,

V is the volume of a fluid cell, dt is the integration time step

and W ab are Gaussian white noises with a variance of 1

that satisfy:

kW abðrÞW gdðr0Þl ¼ dagdbddðr2 r0Þ

�W ¼
W þW T

2
2

Tr½W�

3
1:

ð7Þ

To employ the composite Newtonian–Maxwell model

proposed earlier with thermal fluctuations, it is required to

model the fluctuating stress tensor with coloured noise.

Following the approach of solving the generalised

Langevin equations [26,27], ~T
ab

el is calculated as

› ~T
ab

S;el

›t
¼ 2

~T
ab

S;el

t
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4kkBT

t dtV

r
�Wab;

› ~TB;el

›t
¼ 2

~TB;el

t
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBkBT

t dtV

r
Tr½W�:

ð8Þ

Similar to the fluctuating components of the viscous stress

tensor, ~T
ab

S;el and ~TB;el comprise the shear and bulk parts of
~T
ab

el , respectively ð ~T
ab

el ¼ ~T
ab

S;el þ
~TB;eldabÞ.

The non-Markovian FHD equations with coloured

noise are solved using the staggered spatial discretisation

scheme that we previously developed [18]. The motivation

for employing a staggered algorithm is to capture the

causality between density and momentum fluxes in the

governing equations, and this approach can avoid

unphysical phenomena when simulating transient flows

[18]. We consider a fluid in a cubic box with a side length

of a, and use N equally sized grids along each direction for

spatial discretisation. The length of each side of a cell, d, is

thus a/N. The arrangement of grid points projected on to

the x 2 y plane of a molecular simulation is shown in

Figure 1. In the staggered discretisation scheme we

developed, grid points of density fields are located at cell

centres, and grid points of momentum fields are located at

cell faces. The hydrodynamic equations are approximated

in a discrete form following the central-difference method

[18]. The net inward mass flux to a cell is calculated from

the six momentum fields associated with its faces, and the

velocity fields for grids at cell centres are calculated from

the averaged momentum field of neighbouring grids at cell

faces divided by the density field [18]. The velocity fields

of grids at cell faces, on the other hand, are calculated via

dividing the corresponding momentum field by the

averaged mass density of the two adjacent grids at the

cell centres. Depending on the constitutive equation, both

diagonal and off-diagonal terms of the stress tensor

components can be calculated by the velocity or

displacement fields of nearby grids at cell faces. A variety

of temporal discretisation schemes can be applied to solve

Figure 1. A schematic representation in 2D of the staggered
discretisation scheme we developed for solving the FHD
equations. Filled circles correspond to the grid points of mass
density, diagonal terms of the stress tensor and hydrodynamic
pressure. Open circles correspond to the grids of momentum
fields at cell faces. Open squares correspond to the grids of the
off-diagonal elements of the stress tensor. The filled circle at the
centre of each cell is assigned with an index vector n (see Ref.
[18] for details).
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the FHD equations numerically, and we employed a

second-order Runge–Kutta method [18,24].

The results [18,24] of numerical simulations illustrate

that the staggered discretisation scheme not only

prevented unphysical propagation of density fields in

modelling a transient flow [18] but also gives a very high

accuracy in describing the temperature of fluctuating

fields. High stability and accuracy are achieved for both

viscous and viscoelastic constitutive equations.

2.3 Bridging FHD and all-atom MD simulations

We developed a mapping to determine field variables from

a phase space vector of the all-atom model to ensure that

the thermodynamic states of MD and FHD simulations are

consistent [18]. As shown in Figure 2, the domain of MD

simulation is spatially discretised into cubic cells over

which FHD equations are solved. Although the standard

Irving and Kirkwood [19] procedure can be applied, we

found that explicit consideration of the finite volume of

molecules becomes important when cell sizes are reduced

to the nanoscale. Therefore, a length scale that

characterises the excluded volume of a molecule, dmol, is

introduced in mapping from an atomic model to a FHD

representation. Each molecule is considered as a moving

cube with a size of dmol
3 and the density within is assumed

to be uniform. Ignoring the finite size of molecules

(the point-particle assumption) results in an over-

estimation of density fluctuations, whereas too large

a value of dmol would underestimate density fluctuations as

a result of artificial spatial correlation. To justify that a dmol

value corresponding to the excluded volume of a molecule

is adequate for describing the density fluctuations of a

molecular liquid, it is used as an adjustable parameter to

best fit the density fluctuations observed in all-atom MD

and FHD simulations. The root of mean squared

differences between the density fluctuations from MD

and FHD simulations of argon (normalised by the

averaged density) as a function of dmol for four different

decomposition cell sizes, d, are shown in Figure 3. It is

clear that when large cell sizes are used for spatial

discretisation, the overestimation of density fluctuations

using the point-particle approximation becomes negli-

gible. However, as the cell size approaches a few

nanometres or less, density fluctuations become a much

stronger function of dmol, suggesting that an explicit

consideration of the finite size of molecules is an important

factor for bridging MD and FHD simulations of a fluid.

Minimising the relative differences in density fluctuations

between FH and MD by varying the effective molecular

size results in a value of dmol ¼ 3.2 Å for argon at 300 K.

As shown in the inset of Figure 3, this value of dmol also

corresponds to the length scale of the excluded volume of

argon as indicated by the radial distribution function, g(r),

computed from MD simulations. Analysis for liquid water

also leads to a similar finding [18].

The results shown in Figure 3 demonstrate that an

unbiased determination of dmol can be made. Following

this mapping, we compute the power spectrum, Ctðq;vÞ
(Fourier transform of momentum field auto-correlation

function, Ctðq; tÞ) from all-atom MD simulation and

compare the results with normal mode analysis of the

Figure 2. Atomistic (top) and CG (bottom) representations of a
molecular fluid. The simulation box has side lengths ab (b ¼ x, y,
z) and the length of each fluid cell d is calculated by d ¼ ab/Nb,
where Nb is the number of cells used along each dimension for
spatial discretisation. Each fluid molecule is assumed to have a
volume of (dmol)

3 and a uniform density field within. The
contributions of each molecule to the density fields of
overlapping cells can be easily calculated.

Figure 3. Differences in the normalised standard deviation of
mass density dr/krl between FHD and MD simulations as a
function of dmol. Results for five different cell sizes are shown.
The inset corresponds to the centre-of-mass radial distribution
function of argon calculated from all-atom MD simulation.
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hydrodynamic equations using the composite viscoelastic

model described earlier to characterise the emergent

mechanical responses at the nanoscale and relevant

transport parameters.

3. Results

In this section, we examine the emergent nanoscale

viscoelasticity of fluids by bridging the FHD and MD

simulations of a fluid. We first describe the details of

all-atom MD simulations and the mapping procedure

described in the previous section to develop a

hydrodynamic model from the results of all-atom MD

simulations. Through this mapping, we analyse the

power spectra and examine whether the proposed

Newtonian–Maxwell model can capture the wavenum-

ber-dependent hydrodynamic fluctuations of molecular

fluids. This approach is applied to characterise the

transport properties of TIP3P water and argon at small

length scales.

3.1 MD simulations of water and argon

Liquid water and argon are employed as illustrative

examples for the methods developed in this work. We

simulate liquid water using the TIP3P model [28] with

32,000 water molecules (96,000 atoms) in a periodic unit

cell. The periodic boundary conditions are also used in

the simulation of argon, which involves 20,325 atoms.

A Lennard-Jones potential with a well depth of

0.238 kcal/mol and a van der Waals radius of 1.88

[29,30] is used to describe the inter-atomic interactions

for liquid argon. A snapshot of MD simulation of argon

is shown in the upper half of Figure 2. For both of the

simulations of water and argon, a rectangular box of

dimensions 62 Å £ 62 Å £ 248 Å was used and the

corresponding density is 0.6025 amu/Å3 for water and

0.8489 amu/Å3 for argon. This size of the simulation

domain allows the analysis of hydrodynamic fluctuations

over a broad range of wave vectors directly from the

results of all-atom MD. The NAMD software is used for

dynamic simulations [31]. Short-range non-bound

interactions are smoothly switched off over a distance

of 2 Å from 10 to 12 Å. A particle-mesh Ewald method

is used to compute electrostatic interactions for the water

simulation and the bond lengths of water are constrained

at equilibrium values. After initial equilibration (at

300 K for water and 76 K or argon) via velocity scaling

for 2 ps, MD simulations for both systems are conducted

in the NVE ensemble with a 2 fs time step of integration.

The water simulation is conducted for 20 ns and the

argon simulation is conducted for 100 ns; no drifts in

total energy or temperature are observed. A snapshot is

saved every 0.2 ps to compute the power spectrum.

3.2 Wavenumber (q)-dependent viscoelasticity at the
nanoscale

First, we perform a normal mode analysis on the linearised

hydrodynamic equations of the composite Newtonian–

Maxwell model described earlier to identify its hydro-

dynamic modes as a function of transport coefficients. In

general, transport coefficients are wavenumber (q)-

dependent [32]. For the composite Newtonian–Maxwell

model (Equations (3)–(5)), the relevant transport coeffi-

cients include v ; vq (viscosity), m ; mq (elastic

modulus) and t ; tq (time constant of memory effect).

The resulting power spectrum is [24]:

Ctðq;vÞ ¼
2q2ðnq þ n el

q ðvÞÞ

½v2 q2ðvtqÞn el
q ðvÞ�

2 þ ½q2ðn q þ n el
q ðvÞÞ�

2
:

ð9Þ

In Equation (9), a kinematic viscosity that characterises

the strength of elastic response is introduced:

n el
q ðvÞ ¼

mqtq

1 þ v2t2
q

: ð10Þ

Since the Maxwell model is added to the Newton’s law in

parallel, a total kinematic viscosity can be defined as:

n tot
q ðvÞ ¼ nq þ n el

q ðvÞ: ð11Þ

The values of nq and n el
q ð0Þ ¼ mqtq at zero frequency can

be used to measure the relative magnitude of viscosity and

elasticity by a dimensionless group, jq ¼ mqtq=nq [24].

To examine if the composite Newtonian–Maxwell

model can be applied to capture the elastic responses that

emerge at the nanoscale, we fit the power spectra

calculated from MD simulations with the analytical form

derived from normal mode analysis (Equation (9)). First,

the zero-frequency component of the power spectrum, ntot
q ,

was obtained from MD simulation as an ensemble average,

and nq was then determined from the values of ntot
q and nelq

from Equation (9). We then perform a least-squares fit by

varying tq and nelq to reproduce the computed profile from

MD simulations. The large simulation domain of all-atom

MD simulations we employed (az ¼ 248 A) allowed the

probe of hydrodynamic fluctuations over an unprecedented

range of wavenumbers. The power spectra of argon and

TIP3P calculated from MD simulations for three different

wavenumbers are shown in Figure 4, along with the best-fit

curve using Equation (9). Quantitative agreement between

the simulated and analytical power spectra indicates that

the composite Newtonian–Maxwell model captures the

hydrodynamic fluctuations of water and argon, including

the elasticity that emerges at high qs.

As q increases, elastic response leads to the

characteristics of shear wave propagation instead of an

exponential decay (e.g. Figure 4, q ¼ 0.304 and 0.430 Å21

N.K. Voulgarakis et al.556
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for both fluids). The calculated values of the dimensionless

group jq indicate that the elastic response is an increasing

function of q for both argon and water [24]. jq is almost

zero at long wavelengths; as q increases, it quickly transits

to the regime in which elastic responses are more

pronounced than viscous responses [24]. For TIP3P water

at 300 K, the Maxwell viscosity becomes significant

compared with the Newtonian viscosity when the

wavelength is reduced to 42 Å (q ¼ 0.15 Å21). For argon

at 76 K, the length scale for this transition is around 62.8 Å

(q ¼ 0.1 Å21) [24]. In addition to water and argon, the

composite Newtonian–Maxwell model with q-dependent

transport coefficients also accurately describes the power

spectra of an EMIMþ/NO3
2 ionic liquid obtained from all-

atom MD simulations using a polarisable force field

[24,33–35].

Comparison of Equation (9) with power spectra

obtained from numerical FHD simulations with coloured

noise demonstrates strong quantitative agreement between

numerical results and the analytical formula across a broad

range of wavenumbers [24]. Transport coefficients

obtained from matching Equation (9) with the results of

MD simulations can thus be readily employed in non-

Markovian FHD simulations.

Despite the high accuracy of the composite New-

tonian–Maxwell model in describing hydrodynamic

fluctuations at the nanoscale, q-dependent transport

coefficients complicates the application of this model in

FHD simulations. Since the composite Newtonian–

Maxwell model contains both viscous and elastic

responses even with a single set of transport coefficients,

an important question is whether a q-independent model

can be used to approximate hydrodynamic fluctuations and

the range of applicable wavelengths. In the following, we

address this question by fitting the power spectra

calculated from all-atom MD simulations using a q-

independent model.

3.3 Least-squares fit of power spectra using
q-independent transport coefficients

By using a single set of transport coefficients, we focus on

important features of the power spectra (see Figure 4) for

the fitting. In particular, the frequency of the peak location,

v * and peak height, C*
t , and the zero-frequency

component, Ct0 at different qs are employed as objective

quantities. The overall strategy is to emphasise the

accuracy of lower-frequency and longer-wavelength

responses.

First, the values of v *(q), Ct
*(q) and Ct0(q) across all qs

are determined from the power spectra using q-dependent

transport parameters (the results of best fit to MD

simulations). A least-squares fit was then performed by

varying three parameters, t, n and m, as follows. For each

set {n,m, t}, the corresponding power spectra and hence

v *(q), Ct*(q) and Ct0(q) for all wavenumbers are

determined based on Equation (9). The difference of the

values v *(q), Ct*(q) and Ct0(q) with target values is

measured by:

R2 ¼
X
q

½C
*

t ðq;{n;m;t}Þ2C
*ðMDÞ
t ðq;{nq;mq;tq}Þ�

2þ

½v*ðq;{n;m;t}Þ2v*ðMDÞðq;{nq;mq;tq}Þ�2þ

½Ct0ðq;{n;m;t}Þ2CðMDÞ
t0 ðq;{nq;mq;tq}Þ�2

8>>><
>>>:

9>>>=
>>>;
:

ð12Þ

The values of n, m, t are then adjusted to minimise R 2; the

maximum q included in the fitting is 0.55 Å21.

The values of n, m and t for argon and TIP3P water

determined from this best-fit procedure are presented in

Table 1. Since the composite Maxwell–Newtonian model

splits the stress tensor into two parts, with the Maxwell

part aiming to capture the elastic responses at the

nanoscale, in the long-wavelength, zero-frequency limit,

the total viscosity (Equation (11)) should correspond to the

macroscopic viscosity of a molecular fluid. The values of

the total zero-frequency kinematic viscosity vtot (Equation

(11)) determined by the best-fit procedure are 17.5 and

33.3 Å2 ps21 for argon and water, respectively. These

results agree well with values of the macroscopic shear

Figure 4. The power spectra of (a) argon and (b) TIP3P water
calculated from atomistic MD simulations (open symbols) and
the best-fit curves (solid lines) using Equation (9) for three
different wavenumbers using q-dependent transport coefficients.
Higher wavenumbers give rise to more pronounced elastic
responses.
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viscosity, v0, for argon at 76 K (v0 ¼ 19.9 Å2 ps21) and

water at 300 K (v0 ¼ 34.8 Å2 ps21) obtained via other

molecular simulations [18,23].

The power spectra using a single set of transport

coefficients (q-independent) are compared with those

using q-dependent transport coefficients in Figure 5. When

q , 0.25 Å21, using q-independent transport coefficients

captures the location and height of the peak in the power

spectra due to elastic responses as well as the zero-

frequency value with high accuracy. This result is seen in

both argon and water (TIP3P). Therefore, using q-

independent transport coefficients with the composite

Newtonian–Maxwell model presents a good approxi-

mation for fluctuations with a wavelength longer than

25 Å. However, as the wavelength of fluctuations is

reduced (q . 0.25 Å21), using a single set of transport

coefficients results in a growing deviation from the power

spectra computed from all-atom MD. Figure 6 shows

the increasing relative error in v *(q), Ct*(q) and Ct0(q)

with q for both argon and water, when using a set of

q-independent transport coefficients. The relative errors

are determined based on the results calculated from MD

simulations.

4. Conclusion

In this work, we outline a systematic methodology for

modelling the rheological responses and thermal fluctu-

ations of molecular fluids at the nanoscale. We show that

the framework of FHD can be generalised to model the

non-Markovian dynamics of field variables with coloured

noise. To capture the emergent viscoelastic responses of

molecular fluids at the nanoscale, we develop a composite

Newtonian–Maxwell model. With careful consideration

of the effective size of each molecule, we illustrate that the

thermodynamic states and dynamic properties of FHD

and atomic models can match each other quantitatively.

To avoid the complexities associated with using

q-dependent transport coefficients in FHD simulations,

Table 1. The q-independent transport properties of argon and
TIP3P water determined by the least-squares fit procedure
described in the text. The values of kinematic viscosity in the
macroscopic regime determined by other simulation methods are
also listed for comparison.

Argon (76 K) Water (300 K)

n (Å2 ps21) 4.66 15.0
m (Å2 ps22) 22.8 46.8
t (ps) 0.562 0.390

nel (Å2 ps21) 12.8 18.3

ntot (Å2 ps21) 17.5 33.3

n0 (Å2 ps21) 19.9 [23] 34.8 [18]

Figure 5. The power spectra of (a) argon and (b) TIP3P water
from MD simulations calculated using a least-squares fit of
Equation (9) for two wavenumbers. Open symbols represent
results of using q-dependent transport coefficients (solid lines
in Figure 4). Solid lines represent results using a single set of
q-independent transport coefficients.

Figure 6. Relative error in v *(q), Ct*(q) and Ct0(q) calculated
as Ex ¼ jx0 2 xj/x, where x is the resulting value obtained using
q-dependent transport coefficients and x0 is the value obtained
using a single set of q-independent transport coefficients.
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we characterise the approximation using a single set of

transport coefficients in the composite Maxwell–New-

tonian model. We found that for both liquid water and

argon, q-independent models can accurately describe the

collective fluctuations with a wavelength longer than 25 Å.

For fluctuations with shorter wavelengths, relative errors

in power spectra increase monotonically with wave-

number.
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